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                             Abstract 
  The purpose of this paper is to discover the mechanism of transport of uniform and 
 graded sand and gravel in a stream with the aid of an approach using stochastic models. 
 The irregular and intermittent movement of sediment can be expressed by a stochastic 
 model and the stochastic characteristics of sediment transport are made clear by experi-
 mental investigations using colored sand as tracers. Moreover, it was clarified that the 
 tracer technique is an available method for observations of the rate of transport of sand 
 and gravel in an alluvial stream. 
1. Introduction 
 Problems concerning the transport of solid particles in a fluid motion have 
attracted the attention of many investigators and have been studied in various 
fields. For example, the transport of sand grains by wind in a desert, sand 
and gravel in a stream and powder in a pipe flow has been investigated from 
various viewpoints. However, no theory to formulate inclusively all of these 
phenomena has yet been established. The mechanics of the movement of sand 
grains in a stream does not seem to be established theoretically, and almost 
all of the results describing these phenomena are given by means of experi-
mental or dimensional analysis, because the measurement of these movements 
is very difficult compared with that of the movement in desert sand. 
 The movement of sand and gravel in streams is usually classified as bed load 
and suspended load. It is one of the purposes of this paper to clarify the 
movement process of sand and gravel in streams as bed load. 
 For formulae to estimate the bed load discharge, there is the  well-known bed 
load function proposed by  Einstein" in 1950 which is one of formulae used in 
many countries. In Japan, there are some formulae to estimate the bed load 
discharge, such as the formula introduced by  Sato, Kiikawa and  Ashide in 
1957, based on a concept similar to Einstein's one. On the other hand, Kalinske3' 
established in 1947, a theory of the movement of sand grains in a stream, 
based on a concept different from Einstein's one, and proposed a formula to 
estimate the bed load discharge.  Recently, it has been assumed that the 
movement of a single sand grain in a stream is similar to that of one in desert 
sand, and the velocity, height and distance of the saltation of a sand grain 
have been calculated by  Yalin°' in 1963, Kishi and  Fukuoka', in 1966, and 
Tsuchiya, Watado and  Aoyama°' in 1968, respectively. Moreover, some equa-
tions for estimating bed load discharge were introduced by Yalin and by Kishi 
and Fukuoka respectively, based on these calculations and experimental results.
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  Although the sediment discharge is usually expressed by a function of the 
flow intensity, the movement mechanism of sand grains is not completely 
clarified yet and these formulae are dynamically insufficient. The present 
situation is that a universal theory of sand movement has not been established 
yet. In order to clarify the mechanics of such complex sand movement in a 
stream, methods of measuring the movement of a single sand particle in a flow 
and researching the characteristics of sand movement as a group must be con-
sidered, since the dynamics of sand movement seems to be established when 
both of these approaches are combined. In this paper, the authors intend to 
investigate the mechanics of sand movement as a group. 
  Sand grains start to move by hydrodynamic drag forces acting on a sand 
grain caused by mean velocity and turbulence of flow and collision of moving 
sand grains with bed ones, but they usually rest after moving a certain dis-
tance. The movement is a repeat phenomenon of irregular and intermittent 
motion. When we trace the motion of a sand grain by a Lagrangian method, 
it is not generally a deterministic motion, but an undeterministic one. In order 
to describe the movement of sand grains which is an undeterministic motion, 
it seems necessary to introduce a stochastic concept. Hubbell and  Sayre',^) 
recently proposed a method of measuring the bed load discharge in an alluvial 
stream with radioisotope tracers, and mathematically formulated the move-
ment of sand grains as stochastic processes by an attractive method. The 
authors performed detailed experiments with colored sand and gravel as tracers 
in a laboratory flume to discover the mechanism of movement of uniform 
and graded sand and gravel, based on a concept similar to Hubbell and Sayre's. 
Moreover, in this paper, a method for estimating the sediment discharge is 
considered on the basis of these experimental results. 
2. A stochastic model of sand movement 
 Let us consider the case where the discharge of flow and sediment is con-
stant in space and time and the transport of sediment can be considered as 
bed load. A colored sand grain having the same characteristics of transport 
as bed sediment begins to move from the origin  x  —  0 at the time  t=0. As 
regards the repeat phenomenon of irregular and intermittent motion, the move-
ment of a colored sand grain can be described with the aid of an approach 
employing stochastic processes introducing the concept of a step defined by 
Einstein in it. Such a single step is defined as a process in which the move-
ment of sand grains begins and then rests again after it has begun. Let us 
make the assumptions that the physical process of movement of colored sand 
grains is homogeneous in space and time and those changes in the future are 
independent of past changes. This means that the probability of taking such 
a step is dependent only on the interval distance and is independent of the loca-
tion and past movement of the sand grains. From this point of view we can 
formulate  the movement of colored sand grains mathematically. 
 If the probabilities of taking more than one step between a certain infinitesi-
mal interval (x, x+h) can be expressed by  Alh+o(h), the probability of taking 
no step between the interval is expressed by  1-2,h—o(h), in which  A, is a 
positive probability constant defining the movement probability per unit distance,
               Studies on the Sand Transport in Streams with Tracers 3 
and the term o(h) denotes a quantity of a smaller order of magnitude than h. 
When a colored sand grain moves between the interval (0, x+h), the differential 
equation to formulate the probability  p(n; x+h) defining the changes of n steps 
can easily be written  ass' 
 dp(n;  x)/dx=-2,p(n;  x)+  AlP(n  -1  ; x) (n1) (2.1) 
And for the condition that  n=0, 
 dp(0  ;  x)/dx=  —2,p(o  ; x)  (2.2) 
By using the initial conditions that  p(0;  0)=1 and  p(n;  0)  0, the integration of 
Eqs. (2.1) and (2.2) yields the following Poisson distribution. 
 p(n  ;  x)=e-Atx(Alx)"/n!  (n=0,  1,2,-  )   (2  .  3) 
 The probability that a colored sand grain still exists at the distance x after it 
has taken n steps, can be expressed by 1- E  e--1,x(21x)li!. Since this denotes 
                                                             2=0 
the distribution function for the location of the colored sand grain after taking 
n steps, the differentiation of this with respect to x yields the probability den-
sity function expressed as 
 f(x  ;  n)-21e-Aix(2,x)11-1/1"(n)   (2  .  4) 
in which  f(x  ;  n) is the probability density function for the location of the colored 
sand grain after taking  n(n>1) steps, and  T(n) denotes the Gamma function. 
Substituting n=1 into Eq. (2.4), the probability density function for the travel-
ing distance of the colored sand grain taking a single step can be expressed 
as 
                 f(x;  1)=2,e-Aix   (2.5) 
It is found from Eq. (2.5) that the traveling distance of the colored sand grain 
after taking a single step can be expressed by an exponential distribution. This 
seems to be a very interesting phenomenon. Multiplying Eq.  (2.4) by x, the 
integration of this yields the average traveling distance of a colored sand grain 
taking  n steps downstream, 
                          f(x; n)dx =n/2,                         Soc*x
Therefore, the average traveling distance of a colored sand grain taking a 
single step, defined by Einstein can be expressed by  1/2,. 
 Now consider the movement of a colored sand grain in time. Defining the 
step with respect to time by the process during the time when the colored sand 
grain begins to rest and then begins to move and finishes moving, it can be 
expressed by the same step as a single one for the traveling distance. When 
a colored sand grain travels during the time interval (0,  t), the probability of 
occurance  p(n  ;  1) defining changes of  n steps can be described by a similar equa-
tion to Eq. (2.3) as  follows  ; 
 p(n;  0  —6-221  020"  in!   (2  .  6) 
in which  22 is a positive probability constant, expressing the movement pro-
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bability per unit time. Substituting  n=0 into Eq. (2.6), the probability  p(0,  0 
for the colored sand grain staying still at the origin can be written  as  : 
 p(0;  0  =e-;12t   (2.7) 
                                    When a colored sand grain travels 
 1/4downstream, the relation between the 
                                time and traveling distances is shown 
 or schematically in Fig. 1.Let he colored 
 .tn sand grain begin to take steps in time. 
                                Since the colored sand grain having tried
                                to take n steps in distance takes n steps
    ct.1       /step  Iin time, the probability density function 
                                with respect to the distance of the colored 
                                sand grain having taken n steps at time
 t can be written as 
 Time  t 
 f  (x  ;  n)  =  f(x  ;  n)p(n; 
Fig. 1. Schematic diagram of sand move-   (2.8) 
   ment. 
                              in which  f  (x  ; n) denotes the probability 
density function with respect to the distance of the colored sand grain having 
taken n steps at time 1. Since, therefore, the summation of the probability 
density function of all the steps equals the probability density function of the 
colored sand grain in time and space, the function  becomes') 
 f,(x)=  E  f(x  ;  n)p(n  ;  t) 
 h=0 
 AI  e(--  Aix+220  0,2t  /  Alx)'"  ,(2),x),2t  )   (2  .  9) 
in which  .7,  (2-V2,t12f  ) is the modified Bessel function of the first order. The 
average traveling distance  x and the variance of the function  a= are expressed 
respectively  as  : 
 xf  (x)dx-  (22/  Apt  (2.10) 
 0 
 02=5  (x  -  Tc)2  f  ,(x)dx  =2221  /  211  - (221)2e-2d  2,22221/212  (2.11) 
 0 3. Experiments on the transportation of uniform sand and gravel 
 3. 1 Experimental procedure 
 The experiments were conducted in a laboratory flume of rectangular cross-
section  20  cm deep and 14 cm long, the slope of the flume being adjustable. 
The depth of sand was about  5  cm and the bed slope was adjusted 0.01. Colored 
sand grains having the same size as that of bed sediments were set at the 
origin. Longitudinal distributions and variations of numbers of the colored sand 
grains existing at the origin were measured. The mean sizes and specific 
gravities of the two kinds of sand grains used were  3.5  mm and 2.65, and 6.75 
mm and 1.24 respectively. The colored sand grains used as tracers were 
labeled with paint on the sand grains. The numbers of colored sand grains
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set at the origin were from 100 to 200, and the depth of the colored sand grains 
was of the particle size of a sand grain. These experiments were conducted 
in the regime of so-called transition and flat beds. Therefore, bed roughness 
had little influenced on the phenomena of the movement of sand grains. The 
conditions of the experiments performed are summarized in Table 1. 
                               TABLE 1. 
                         Conditions of experiment performed. 
          WaterdepthShearvelocitySpecificDiameter  Run NoSlope I
u*(cm/sec)gravity(cm)              (c) 
 l  a  1 2.54  1.00):10-2 4.99 2.65 0.35 
 lb 2.54  , 1.00 4.99  „  P 
 9  a  1 3.62 1.01 5.98  u  u 
 2  b 3.56 1.01 5.94  P  & 
 2c 3.51 0.961 5.76  u  u 
 3a 4.30 1.01 6.45  .  & 
 3b 4.25 1.03 6.55  ii  fr 
 4a 3.37 1.04 5.86  u  ft 
 4b 3.22 1.02 5.67  u  u 
 4c 3.16 1.00 5.56  u  „ 
 5a  4.00  1           0.99 6.24  „  '  q 
 5  b 3.81 1.05 6.27  u  N 
 6a  2.86  1 1.00 5.30  ,  &  „ 
 7  a  2.70 1.00 5.14  u  4/ 
 8a 3.45 1.04 5.93  u  u 
 8b 3.25 1.02 5.70  u  ,  u 
 8c 3.10 0.94 5.77  ft  11 
 9a 3.30 0.97 5.60  it  u 
 9  b 3.44 0.98 5.75  r,  u 
 10a 5.45 1.03 7.42  P  It 
 11  a 3.72 1.00 6.03  P  & 
 12  a 42.8 1.04 6.61  '  „  & 
  1 3.90 0.90 X10-2 5.871.24 0.675 
                  2 3.30 0.97 5.60  '  q  q 
                                                                                                                          , 
  3 5.00 1.05 7.17  .  &  '  4, 
 4 5.37 1.10  7.60  it  1  u 
 5 2.87 0.98 5.26  u  11 
 6 5.87 1.05 7.78  "  u 
 3. 2 Experimental  results and considerations 
  (1) Adaptability of the stochastic model to sand movement 
 One example of the experimental results of the probability for colored sand 
grains staying still at the origin is shown in Fig. 2. In order to ascertain the 
reappearance of the experiments, the experiments for the colored sand grains 
set at distances of 7 m and 8 m from the downstream end of the flume were
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conducted, and one of the experimental results is shown in the figure. It is 
seen that both the results are in good agreement with each other, and that 
therefore the reappearance of the experiments is very good. The experimental 
values of the probability of staying still at the origin are in good agreement with an 
exponential function expressed by Eq. (2. 7). However, the experimental values 
at  t=0 are different from the value, unity, given by Eq.  (2.  7). This fact may 
be due to the experimental procedure for setting colored sand grains at the 
origin. Supposing that the influence of this initial condition can be eliminated, 
therefore, the experimental values are in good agreement with Eq.  (2.  7). 
                                  Examples of the comparisons between 
                                the distributions of traveling distance for
 aa single step, obtained theoretically by 
                 No  2ethe stochastic model and the experimental  6 
Az•144xle values are shown in Fig. 3. The theoreti-                              stet 
                    Trn cal curves expressed by Eq. (2. 5) are 
   4 0oern shown in this figure. It is found that 
 • both the experimental values and the 
 LS;theoretical curves are expressed by an 
 0exponential distribution. 
 2  It was confirmed, moreover, from the 
 o results that the difference between both 
 • the comparisons is significant at the five 
                                percent level by the  x2 test, and that the
                                distribution of traveling distance of a 10-1  
 0 /00  1  
sec  200 single step can be expressed by an expo- 
                                   nential function.  Fig.2. The variation ofprobability of 
  sediment staying still at the origin.An experimental result of the time 
                                variation in the average traveling distance
of all the colored sand grains is shown in Fig. 4. It is found that the experi-
mental values shown in the figure are in good agreement with the theoretical 
60  
 40  40 
 Mk  =32.38cm  1/Al=  46.90  cm 
    tt:   -  h=372 cmh= 500 cm —            -\  
          1=00100  1=  0.0105 
 20- 20- 
  - 
                 ^41 
0  
   0 /00 200 a 0 /00 200 
 x cm x cm 
               Fig. 3. Distribution of traveling distance of a single step.
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                                   line expressed by Eq.  (2.  10) because
                                   the average  traveling distance is pro-
              " 
portional to time. Therefore, the 
 100  average traveling velocity of all the 
                                   tracers can be determined by the slope 
 cm-  o, of a straight line fitting the  experi-
                        4 Emin  ^^^^^^^ss 
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 Fig. 4. An example of change of average Fig. 5. An example of time changes of 
   traveling distance of tracers with time. variance of distribution. 
mental values. The time change of the variance of distribution of colored sand 
grains is shown in Fig. 5. The variance changes linearly with time, and the 
experimental values are in good agreement with the theoretical line expressed 
by Eq. (2. 11). Therefore, two probability constants  2, and 22 can be estimated 
using Figs. 2 and 4. The values  AI and 22 should be estimated using  Figs.  4 and 
5, because the experimental values shown in Fig. 2 seem to show a slight in-
fluence of the initial condition for setting colored sand grains. Substituting 
these two probability constants  A, and  22 estimated from the experimental results 
into Eq. (2. 9), an example of the longitudinal distributions of colored sand 
 16  
  —0  t=  40  sec   
 t=  /20sec   
    rt 
/O1=300sec 
O   
M  
5   
   maw_ 
  0 _40                      —-,^)0 200 400 600 800 
                                                      x cm 
          Fig. 6. Longitudinal distributions of colored sands at various times.
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grains at various times is shown in Fig. 6. It is found from the figure that 
in the dispersive processes of colored sand grains set at the origin, the longi-
tudinal distribution is expressed by an exponential function at an early  stage, 
but after a few minutes it becomes a distribution with a maximum which 
decreases with time. It was confirmed that the difference between the theoreti-
cal curves and the experimental values is significant at the five percent level 
by the x2 test. It is concluded from the experimental results that the stochastic 
model proposed can describe the movement of sand grains in a stream. 
 (2) Hydraulic characteristics of probability constants in the stochastic model 
 Relations between the probability constants in the stochastic model and the 
hydraulic characteristics are investigated here. The experimental results on 
the probability constants are shown in Table  2. Fig. 7 shows a plot of the 
dimensionless average traveling distance of a single step with a parameter of 
                                TABLE 2. 
      Results of  experiment for stochastic characters and rate of  sediment transport. 
  Run  No  1/21d  22/21 cm/sec 22{(1/(07,0                                                          acm'i1)01,2.Rsec 1/y
. 
    la  1.94:<102  1.33,(10-2  2.88:(10-5  3::10-,  4.40:1_0-2 
 1  b 0.98 5.67 24.3 5 4.40 
 2a 1.18  ' 64.1 230 280 6.33 
 26 1.40 49.2 147 180 6.23 
 2  c  i 2.42 53.2 92.4 380 5.84 
 3a 1.53 128 352  - 7.35 
 3  b 1.95 76 163 7.58 
 4a 0.95 42.6  188  - 6.07 
 4  b 1.37 32 98.4 - 5.69 
 4  c 2.47 31.2 53.1 230 5.47 
 5a 1.76 61 146  ' 660  6.88 
 56 1.94 35.5 76.9 710 6.93 
 6a 4.34  12.5 12.1 10 4.95 
 7a 1.56 3.67  9.9  12 4.68 
 8a 1.98 52 110  350 6.21 
 86 1.64 58 149 270 5.74 
 Sc 0.76  71.9  :  397 150 5.05 
 9a 2.04 84  174 380 5.54 
 9  b 2.14 60 118 390 5.84 
 10a 1.63 322 831 3510 9.72 
 11  a 2.26 144 268 660 6.44 
 /2a 1.25 256 859 890 7.71 
 1  1.47>(102 8.54 46  ::10-' 0.54  2.17/.10-, 
  2 3.67 4.20 9.1 0.94 1.97 
  3 2.41 6.13 20.1 1.96 3.24 
  4  I 1.93 7.30 30.1 2.65 3.65 
  5 3.41 4.90 11.4 0.37 1.74 
  6 2.92  7.33 19.9 2.61 3.80
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the flow intensity defined by  1/  0  —1/  0,  =  (te*  —  u*,2)/  C{(a/  P)  —  1  }gd), in which 
a and p are the density of sand grains and fluid, respectively, g the ac-
celeration of gravity, d the diameter of grains, and  a,  the shear velocity. 
The subscript, c, refers to the initial threshold conditions of the grain move-
ment. Moreover, the curves shown in this figure describe the theoretical 
average traveling distance of a single step proposed by  Einstein" and the experi-
mental values obtained by Shinohara and  Tsubaki'o, and  Takahashi") respec-
tively are shown for comparison. It is seen from the results that the average 
traveling distance of a single step is nearly constant and about 80 to 250 times 
of grain size within the range of flow intensity less than 0.1. In the range of 
flow intensity larger than 0.1, the average traveling distance of a single step 
increases with the increase of the value of flow intensity. Moreover, Einstein's 
curve is in good agreement with the experimental values, although the values 
scatter much. 
 Probabilities for the beginning of movement of sand grains per second shown 
in Fig. 8 increase sensitively with the increase of the value of flow intensity, 
and are very different from the change of average traveling distance of a single 
step shown in Fig. 7. The increase of the rate of bed load with the increase 
of the value of flow intensity seems to be independent of the change of average 
traveling distance of a single step, and is mainly dependent on the increase of 
the probability for the beginning of movement of sand grains. It is considered 
therefore that the rest period of sand grains generally decreases with the 
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   Fig. 9. Relation between the dimensionless average velocity of movement of sand 
    grains and flow intensity.
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increase of the value of flow intensity and that the transport mechanism of 
sand grains will change from a bed load to a suspended one in the case where 
the value of flow intensity becomes very large. 
 Fig. 9 shows a relation between the dimensionless average velocity of the move-
ment of sand grains and the flow intensity. Although the experimental values 
scatter much, an empirical formula shown in the figure seems to be proposed. 
 Using this relation, an empirical formula for the estimation of the bed load 
discharge with colored sand grains as tracers can be proposed below. Since 
the average traveling velocity of sand grains  22/21 is formulated as Eq. (2. 10), 
the bed load discharge can be estimated as the value multiplied the volume of 
sand grains in the movement depth of ones by the velocity. Although the 
estimation of the movement depth is very difficult, we can assume that the 
movement depth is nearly equal to one grain size within the regime of the 
experiments carried out. The bed load discharge can be expressed as 
 qn=  (1/k,  d2)  (3.1) 
in which  qn is the bed load discharge per unit width, and both  ki and k2 are 
constants estimated from the shape of sand grains. Using the experimental 
value of  k2/k, which is estimated as 0.4, Eq. (3.  1) can be rewritten as 
 qn*-=.q,/u*d—  (0.422)  /(21u*)   (3.  2) 
A comparison between the line calculated by Eq. (3. 2) and experimental 
values is shown in Fig. 10. The experimental values of the rate of bed load 
are a little less than the calculated ones within the small value range of  22/2,u,,, 
but the experimental values are in good agreement with the calculated line 
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Fig. 10. Relation between dimensionless rate Fig. 11. Comparison between curve calcu-
  of sediment transport  qp* and value of lated by an empirical formula proposed 
 12/21u*. and experimental values.
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as a whole. 
 Supposing that the average traveling velocity of sand grains can be described 
by the empirical formula shown in Fig. 9, an empirical formula for estimating 
the rate of bed load can be expressed as 
 n*  =  1.80"2(1/0  —  1/001."   (3.3) 
Fig. 11 shows the comparison between the curve caluculated by Eq. (3. 3) and 
the experimental values. 
 It is concluded from these results that the rate of bed load is in good agree-
ment with Eq. (3. 3) having two probability constants which are estimated by 
the method of tracers. Since we assumed that the movement depth is one 
grain size below the bed surface in deriving Eq.  (3.  2), the formula will no 
longer be  sufficient to estimate the bed load discharge when the flow intensity 
is very large. Although we intend to investigate these problems based on further 
detailed  expriments, it was found, within the regime of the experiments shown 
in Fig. 11, that the method of tracers is appliciable to find a method for estimat-
ing the rate of bed load. 
4. Experiments on transportation of graded sand and gravel 
 4.  I Experimental procedure 
 Transport characteristics of graded sand and gravel are investigated by means 
of tracers in this chapter. Some experiments on graded sand and gravel were 
conducted by the same method as those for uniform sand and gravel. These 
experiments were performed in an adjustable-slope and recirculating flume of 
rectangular crossection,  20  cm wide,  20  cm deep and 20 m long. The depth of 
sand grains was about 5 cm, and the bed slope was adjusted 0.026. The sand 
                                 and gravel used were two kinds of materials,
 It  100   80irFral 3.5  mm in median meter, which consisted                               ofthe mixture of sand and gravel of A  nd 
                              B,andA, B  and C respectively. Sieve 
1.  40Yg  co^Elanalanalysiscurvesof sand andgravel of A, B  Er 
 20or.11.11.11and C are shown in Fig.  12. Probability con-           2111 
      ft
0 2 4  6  8  /0stants and bed load discharge of elementary 
                       d Innssand and gravel were measured.
Fig. 12. Sieve analysis curves of sand                                   4. 2 Experimental results and considera- 
 and gravel used.  lions 
                                (1) Hydraulic characteristics of proba-
bility constants in the case of graded sand and gravel 
 An example of the longitudinal distributions of graded sand and gravel as tracers 
is shown in Fig. 13. The curves in this figure are calculated by Eq.  (2.  9) after 
being normalized. The experimental values scatter due to the effects of bed 
roughness and separation of bed materials, but these characteristics are in good 
agreement with the theoretical curves. We can understand from the figure 
that the average traveling velocities of large gravels in graded sediments are 
larger than those of small ones, when all the bed materials are moving. 
 Relations between the average traveling velocity of graded sand and gravel and 
the flow intensity are considered here. Fig. 14 shows a relation between the
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 Fig. 13. Longitudinal distributions of  vari- Fig. 14. Relation between dimensionless av-
   ous sand grains  after 10 seconds. erage traveling velocity of graded sand 
                                             grains and flow intensity. 
average traveling velocity of the elementary sand and gravel in the case of mix-
tures of three kinds of sediments and the flow intensity. A straight line in the 
figure shows an empirical formula already shown in Fig. 9. The average travel-
ing velocity of the elementary sand and gravel is very different from that of uni-
form sand grains, and seems to be independent of the flow intensity. It is 
found from the figure that almost all small sand grains are affected by the 
hiding effect of the grains and some of these are affected by the accelerating 
effect of the grains. Such a phenomenon is considered to be due to the irregu-
larity of bed surfaces consisting of graded sand and gravel. This fact suggests that 
the irregularity of bed surfaces greatly affects the movement of sand and gravel. 
 Relations between the flow intensity and the probabilyty constants,  2, and  A,, 
are considered below. Fig. 15 shows a plot of the dimensionless average travel-
ing distance of a single step versus the flow intensity. Although experimental 
values are very scattered, it is found that the average traveling distance of a 
single step for graded sand and gravel is smaller than that of uniform sand and 
gravel. The probability for the beginning of movement of large sand grains is 
larger than that of small sand grains, and this tendency is very different from 
that of uniform sand and gravel shown in Fig. 8 (see Fig. 16). Qualitative 
transport characteristics of graded sand and gravel are made clear by this, but 
it seems to be very difficult to discuss quantitative transport characteristics. 
We intend to investigate the transport mechanism of sand and gravel with 
tracers in the future. 
 (2) Rate of transport of graded sand and gravel 
 The bed load discharge of elementary sand and gravel is shown in Fig. 17. The 
curve in this figure indicates Einstein's formula of the rate of transport of uni-
form sand grains. Experimental values show that the rate of transport of
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  sand and gravel and Einstein's formula of Fig. 18. Comparison between the hiding factor 
  rate of transport of uniform  sediment. of grains proposed by Einstein and  8'. 
large sand grains becomes larger than that of uniform sand grains due to the 
accelerating effect of the grains, and that the rate of transport of small sand 
grains is less than that of uniform sand grains because of the hiding effect of 
the grains. These facts agree with the results of the experiments performed
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with tracers. The ratio of the theoretical value of Einstein's formula to the 
measured rate of transport of elementary sand and gravel is defined as E'. Fig. 18 
shows the changes in the ratio obtained from various kinds of experiments with 
graded sand and gravel. The hiding factor of grains E proposed by Einstein" is 
very large compared with the experimental results. It is clarified from the 
 figure that the value of E' becomes smaller than unity because of the accelerat-
ing effect of large sand grains in the case of  d/d5o> 1.5. The irregularity of 
bed surfaces of graded sand and gravel is shown to play an important role con-
cerning the rate of sand transport. The movement depth of sand and gravel 
should be investigated to estimate the rate of transport of graded sand and 
gravel with tracers in the future. 
5. Conclusion 
 The results obtained can be summarized as follows. It was concluded from 
the experiments performed with tracers that the stochastic model can simulate 
the movement of sand and gravel. Using the stochastic model, the distribution of 
the traveling distance of a single step of sand grains can be described by an 
exponential function, and this result is in good agreement with the experimental 
values. 
 The average traveling distance of a gingle step is nearly constant and about 
80 to 250 times of grain size in the regime of which values of flow intensity are 
less than 0.1, and it increases with the increase of the values of flow intensity 
in the regime of which the values are larger than 0.1. On the other hand, the 
probability for the beginning of movement of sand grains per second sensitively 
increases with the increase of the flow intensity. Therefore, in the regime of 
which the values of flow intensity are small the increase of bed load discharge 
is independent of the changes in average traveling distances of a single step, 
and is mainly dependent on the increase of the probability for the beginning 
of movement of sand grains. 
 An empirical formula to express the relation between the average traveling 
velocity of sand grains and the flow intensity was proposed on the basis of the 
experimental results conducted with tracers. Based on an assumption that the 
movement depth of sand grains is nearly equal to one grain size below the bed 
surface, an empirical formula for estimating the rate of transport of sand 
grains was proposed. Since the formula is in good agreement with the experi-
mental values in the regime of the experiment carried out, the authors found 
that a method of tracers is available for estimating the bed load discharge in 
streams. 
 The average traveling velocity of large sand grains in graded sediments is 
larger than that of uniform sediments due to the accelerating effects of the 
grains, and on the other hand, the velocity of small sand grains is smaller than 
that of uniform ones due to the hiding effects of the grains. It was found that 
there is also such a phenomenon in measuring the rate of transport of sand 
grains in graded sediments. 
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